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CLASS NUMBERS OF TERNARY QUADRATIC FORMS 
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Abstract. G.L. Watson 1131 114| introduced a set of transformations, called 
Watson transformations by most recent authors, in his study of the arithmetic 
of integral quadratic forms. These transformations change an integral qua- 
^^ ' dratic form to another integral quadratic form with a smaller discriminants, 

^^ ' but preserve many arithmetic properties at the same time. In this paper, we 

^Sl ■ study the change of class numbers of positive definite ternary integral qua- 

^Nj ' dratic formula along a sequence of Watson transformations, thus providing a 

new and effective way to compute the class number of positive definite ternary 
integral quadratic forms. Explicit class number formulae for many genera of 
, positive definite ternary integral quadratic forms are derived as illustrations of 

^_( . our method. 

-)— > 
•^ . 

1. Introduction 

Determining the class number of a positive definite integral quadratic form is 

^ ] a classical and important problem in number theory. Ternary integral quadratic 

On ' forms receive much attention because of their many connections to other areas of 

p^ . mathematics. A notable one among all these connections is the correspondence 

\f^ I between ternary integral quadratic forms and orders in quaternion algebras. In the 

case of ternary quadratic forms over Z, this correspondence leads to a bijection 
(^ , between similarity classes of positive definite ternary quadratic forms over Z and 

CO I isomorphism classes of orders in definite quaternion algebras over Q. Because of 

this bijection, computing the class numbers of positive definite ternary quadratic 

forms over Z is tantamount to determining the type numbers of orders in definite 

^^ ' quaternion algebras over Q. By applying the Selberg Trace Formula, Pizer [iT] 

JH ' obtains explicit formulae for the type numbers of all Eichler orders (they are called 

- - - canonical orders in [11 ). A formula for all orders is obtained by Korner [B], but 

for numerical applications his formula requires the computation of the so called 
restricted embedding numbers of quadratic orders into quaternion orders, which 
can be achieved only for some special orders using results of [H 111 [TUl E] ■ 

In this paper, we look at the problem of computing the class number of positive 
definite ternary quadratic form from a different perspective. The backbone of our 
approach is a set of transformations, now called Watson Transformations, which is 
first used by Watson in his doctoral thesis pj! and is first in print in his paper [M] . 
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The precise definition of tliese transformations will be given in Section [2l They 
have been reformulated in the geometric language of quadratic spaces and lattices 
by many recent authors (see, for example [HH]), and it is this language we will be 
using to conduct our discussion throughout this paper. Unexplained notation and 
terminology from the theory of quadratic spaces and lattices will follow those of 
O'Meara's book 7 . For convenience, a quadratic space is always a positive definite 
quadratic space over the field of rational numbers Q, and the term "lattice" always 
refers to a Z-lattice on a (not necessarily fixed) quadratic space. For a lattice L, 
gen(L) will denote the genus of L, and gen(L)/~ is the set of (isometry) classes in 
gen(i). The latter is a finite set and its cardinality is called the class number of 
L, denoted h{L). The class of L in gen(L) is denoted by [L]. We will refer to the 
lattice L as "primitive" if its scale ideal s(L) is Z. The norm ideal of L, denoted 
n(i), is the ideal of Z generated by the set Q{L). We write L ^ A whenever A is a 
Gram matrix of L, and the discriminant dL is defined to be the determinant of A. 
A diagonal matrix with ai, . . . , a„ on the diagonal is denoted by (ai, . . . , a„). 

Let L be a primitive ternary lattice, and tti be a positive integer. The Watson 
transformation at m first takes a sublattice Am{L), and then scales the quadratic 
form on this sublattice so that the end result is a primitive ternary lattice denoted 
Xm{L). It follows from the properties for the Watson transformations developed in 
[HIS] that we can always "descend" L, via a sequence of Watson transformations at 
different primes or at 4, to a primitive ternary maximal lattice K satisfying some 
specific local conditions. We call these lattices stable and they will be discussed 
thoroughly in Section [51 In this paper, we will address the important question of 
determining h(L) from the information we could gather from gen(ii'). 

Let p be an odd prime. For any N e gen(Aj,(L)), let F^ (iV) be the set of lattices 
M £ gen(L) such that Ap{M) = N. Then gen(L)/~ is the disjoint union of the 
classes in F£'(A^), where N runs through a complete set of class representatives in 
gen(Ap(i)). Theorem 16.21 provides explicit formulae for the size of each Fp(A^)/'^ 
in terms of several effectively computable invariants derived from a set of data 
called the label of N (see Definition 16. ip , which depends only on the order of the 
orthogonal group of N and the symmetries of A^. As a matter of fact, we obtain 
much more in Theorem 16.21 we have explicit formulae for the number of classes 
of lattices in Fp(A'^) whose isometry groups are of a given order. In Section [71 we 
will describe how to determine the labels of the lattices in Ff" (A^), and in Section 
[51 we completely determine the labels of all the classes in the genus of a stable 
ternary lattice. So, all these together provides an effective solution to the problem 
of computing the class number of L using the labels of the lattices in gen(A'), if L 
descends to a stable lattice K via a sequence of Watson transformations at the odd 
primes. 

The remaining task is to obtain the analogs of all the aforementioned results for 
the Watson transformations at the prime 2. Although the line of attack in this case 
will be essentially the same, different tactics will be employed at various steps of 
the proof due to the lack of uniqueness of Jordan structures at the prime 2. We 
will address them in a second paper. 
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2. Watson transformations and class numbers 

Let m he a, positive integer. For any lattice L, let 

A,„(L) — {x ^ L : Q{x + y) = Q{y) mod m for all y G L}, 

and for every prime number q, let 

A,„(£q) = {x e Lq : Q{x + y) = Q{y) mod m for all y e Lq}. 

It is clear that Am{L) is a sublattice of L and Ajn{L) C {x e L : Q{x) = mod m}. 
Moreover, Am{L)q = Am{Lq) for every prime number q. The readers are referred 
to [1] and [2] for more properties of the operators A,„. We denote by Xm{L) the 
primitive lattice obtained by scaling the quadratic map on A^iL) suitably. The 
mappings A™ collectively are called the Watson transformationso 

In what follows, p is always a prime number. The following describes what Ap 
does to L when p is odd. 

Lemma 2.1. Let p he an odd prime. Suppose that Lp — Mp _L Al' where Alp is 
unimodular and n(M') C plip. Then 

Ap{L)p ^ pAip ± m;,. 

In particular, if m is an odd squarefree positive integer and ordp{dL) < 1 for all 
p I 771, then A^(L) = L. 

Proof. The first assertion is essentially jU Lemma 2.3] or P] Lemma 2.1], which 
has the second assertion as a direct consequence. D 

Lemma 2.2. Let L be a lattice on a quadratic space V . Then aoAp{L) = ApOa{L) 
for every a G 0{V). 

Proof. Let x G Ap{L) and z G <^{L). Take w £ L such that a{w) = z. Then 

Q{a{x) + z) = Q(x + w) = Q{x) — Q{a{x)) mod p, 

hence <j{x) G Ap{a{L)). The lemma follows immediately from the observation that 
(j{Ap{L)) and Ap{a{L)) have the same discriminant. D 

Corollary 2.3. For any lattice L, the restriction map induces an infective group 
homomorphism from 0{L) into 0{Ap{L)). 

Proof. This is clear. D 

Henceforth, L will always be a primitive ternary lattice on a quadratic space 
V. It is easy to see that every lattice in gen(Ap(L)) is of the form Ap(Af) for 
some M G gen(L). Therefore, Ap induces a surjective function from gen(L) onto 
gen(Ap(L)), and by Lemma 12.21 it induces a surjective function from gen(L)/~ 
to gen(Ap(L))/'^. Since Ap(i) and Xp{L) are only different by a scaling on the 



Note that the Watson transformations A^ defined in [T] and [2] are slightly different than the 
ones we use here: the lattices L and \m,{L) in [l] and [2] are even primitive, that is, their norm 
ideals are 2Z. But this difference can be easily rectified by scaling the quadratic maps by suitable 
2-powers. 
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quadratic maps, Xp also induces surjective functions from gen(L) onto gen(Ap(L)) 
and from gen{L)/^ onto gen(Ap(L))/'~, respectively. 

Let r^(iV) be the set of lattices M e gen(L) such that Ap(M) = N, and 
r^{N)/r^ be the set of classes [M] in gen(L) such that Ap{M) = N. Clearly, 

HL) = Y. \^pWh I- 

[Ar]egcn(Ap(L)) 

For simplicity, we let h2d{N) be the number of classes in T^{N) having an 
isometry group of order 2d, but keep in mind that this number depends also on Lp. 
It is clear that 

(2.1) |r^(7V)/^| = ^'/i2.(iv), 

d 

where in the summation ^ , d runs through all the positive divisor of |0+(A^)|. 

Let a e 0{N) and M e r^(A^). Since Kp{a{M)) = cr(Ap(Af)) = a{N) = N, 
a{M) belongs to r^(7V). So, 0{N) acts on the set r^(A^). Moreover, Lemma 
[221 implies that if t{M) e T^{N) for some isometry r of V, then r is in 0{N). 
Therefore, 

(2-2) E''^-(^)-^tW ^ "^^'^'^^^'' 

where T-'j^{N)„ is the set of fixed points of a. The last equality comes from the 
observation that T^{L)„ = F^ (L)_„. 

3. The cardinality of Tp{N) 

Since the size of the orbit containing AI e F^ (A^) under the action of 0{N) is 
\0{N)\/\0{M)\, we have the equation 

(3.1) ^'i^^/.2.(^) = lF^(^)|. 

d 

Proposition 3.1. For any N E gen{Ap{L)) 

m(L) 



KiN)\ = 



tr(Ap(L))' 

where 1X)(L) and fD(Ap(L)) are the mass of gen{L) and gen(Ap(L)) respectively. 
Proof. Since 0{N) acts on the set F^ (A^), we have 

However, if A^' is another lattice in gen(Ap(i)), then it is easy to see that there is 
a bijection between r^{N) and T^{N'). Therefore, |r^(Af)l is independent of the 
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choice of N in gen(Ap(i)), and hence 



tr(Ap(i))|r^(iV)| = 



E 



1 



\OiN)\ 
\0(N')\ ^^ \0(M)\ 



E 



E E 

[W']egcn(Ap(L))[Af]er^(JV') 

[M]egcn(L) 

m(L). 



|0(Af)| 



|0(Af)| 



D 

From now on, till the end of the paper, the prime p is always assumed to be odd 
and ordp{dL) > 2. Using the Minkowski- Siegel mass formula [51 Theorem 6.8.1], 
we have 



wiL) 



dL 



ap{Ap{L)p,Ap{L)p) 



tr(Ap(L)) \d{Ap{L))J ap{Lp,Lp) 

where ap{,) are the local densities. These local densities can be computed by 



[SI Theorem 5.6.3]. The values of 



m{L) 



are displayed in the Table I. They are 



ro(Ap(L)) 

arranged by the Jordan decomposition of Lp. The quantity Cij in the table is 
defined as follows. Suppose that Lp ~ (ei,p"e2,P^£3), where a < f3 and e^ £ Z^ 
for all i. Then 

_/l if-6.e, G(Z-)2, 

— 1 otherwise. 





a,/? 


ro(L) 




«,/3 


ro(L) 


ro(Ap(L)) 


ro(Ap(L)) 


(1) 


a = 0,^ = 2 


p(p+ei2) 
2 


(2) 


a = 0,^ > 3 


P^ 


(3) 


a = 13 = 1 


1 


(4) 


a = l,/? = 2 


p-ei3 
2 


(5) 


a = l,/3> 3 


P 


(6) 


a = /3 = 2 


p(p+e23) 
2 


(7) 


Q = 2,/3>3 


p(p-ei2) 
2 


(8) 


a > 3 


p2 



Table I 



4. ISOMETRY GROUPS 

We digress in this section to collect some results concerning the isometrics of 
a ternary lattice which are useful for the subsequent discussion. Throughout this 
section, X is a primitive ternary lattice. Given a nonzero vector x G i^, the 
associated symmetry is denoted by Tx. We let S{K) be the set of symmetries of 
K. Since the conjugate of a symmetry of K by any isometry in 0{K) is still a 
symmetry, S{K) is decomposed into finitely many disjoint conjugacy classes under 
the conjugate action by 0{K). In this section, when we present S{K) explicitly 



6 WAI KIU CHAN AND BYEONG-KWEON OH 

by listing its elements, we will do so by presenting it as the disjoint union of these 
conjugacy classes. 

By a result of Minkowski ^, |0(ii')| cannot be larger than 48. Let I be the 
standard cubic lattice, A be the root lattice of Type A3, and J be the primitive 
adjoint of A; so 

/2 1 0\ / ^ "^ "^^ 

I =(1,1,1), A= 1 2 1 and J = -1 3 -1 
\0 1 2/ V-1 -1 3 

The isometry groups of all three lattices have order 48-in fact, they are isomorphic- 
and they are generated by — / and symmetries. If {xi, 2:2, 2^3} is the basis which 
yields any one of the above Gram matrices, then 

S{I) = {Txi,Tx2,T^3}^{Txi±x, : 1 < i < j < 3}, 

'^V-^j l^Xl 7 '^X2 T '^X3 7 ^Xl —X2 7 ^X2 —X3 T ^X-l—X2+X3 J *— ' \^X\—X37^X-l+X3 7 ^X\—2X2+X3i 7 

and 

S{3) = {tx^+x, : 1 < z < J < 3} U 

l'^a;i— X2 I ''"2:1— 2:3 J 'TX2—X3 7 '''2; 1+2x2 +2:3' ''"xi +2:2 +22:3 j ''"22 1+2:2 +2:3 /■ 

It is direct to check that A2(J) = 21 and A2(I) = A; so A2(J) = \K2{3). Now, 
suppose that L is a ternary lattice such that Ap(L) = p3. Let M — \2{L) and 
E — \2{M). It is not hard to see that Ap{M) — pi and Ap{E) = pA, and the A2 
transformation induces bijections 

(4.1) T^ipJ)h ^ rf (pl)/^ ^ T^{pA)h • 

For every G G r|'(pA), define a ternary lattice G* by setting G2 — 26*2, where 
jj denotes the dual, and G* = Gq for all q ^ 2. Then, E* = L, and * induces 
a bijection from T^{pA)/r^ back to r^(pJ)/- such that 0{G) = 0{G*) for ah 
G e Fjf (pA). It then follows from Corollary O that 0{U) = 0(A2(L/)) for any U 
in either r^(pJ) or T^ipT). 

Suppose that every element in 0{K) has order < 2. If cr 7^ — /, then either a or 
—a is a symmetry. As a result, 0{K) is an elementary 2-group which is generated 
by — / and the symmetries. Let t„ and r„ be two different symmetries in 0{K). 
Since t„ and t^ commutes, u and v must be orthogonal. This shows that |0(ii')| is 
at most 8. Particularly, if \0{K)\ = 8, 0{K) contains exactly three symmetries t^,, 
T„, r„, and w, u, v are mutually orthogonal in K. In particular, 0{K) is isomorphic 
to the abelian 2-group Z2 © Z2 © Z2 . 

Now, suppose that 0{K) has an isometry a of order 3. As a Z[cr]-module, K 
is isomorphic to either (^[Ca], 1) or ^[Ca] © Z, where C3 is a primitive third root of 
unity (see [3]). Accordingly, K has a basis {xi, 2:2, 2:3} such that 

a{xi) — X27 a{x2) = —xi — X2 and CT(a;3) = xi + 13 

or 

cr(a;i) = 2:2, a{x2) ~ ~xi ~ X2 and cr(2;3) = X3, 
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and the associated symmetric m.atrix {B{xi,Xj)) is 

(2a —a ^o\ /2a —a 

-a 2a or K2{a,b) := \ a 2a 

-a b J V 

for a pair of relatively prime positive integers a and b. In the three special cases 
when Ki{l, 1) = I, Ki{l, 2) = A, and Ki{A, 3) = J, the isometry groups have order 

48. 

Lemma 4.1. Let a,b be relatively prime positive integers. Then 

(a) |0(i^2(a,fe))|=24; 

(b) \0{Ki{a,b))\ = 12 unless (a, &) = (1,1), (1,2), or (4,3). 

Proof. Part (a) is clear, since K2{a, b) is the orthogonal sum of "Lxi +Za;2 and ZX3. 

For part (b), note that b > 2a/3 because Ki{a,b) is positive definite. Let G be 
the subgroup of 0{Ki{a,b)) that is generated by t^.^, t^.^, Tj-^+j.^, and — /. Our 
goal is to show that 0{Ki{a,b)) is equal to this subgroup G, which has order 12, 
unless (a, 6) is one of the three exceptional cases. 

We first handle the case when b > 2a. In this case, {a;i,a;2,a;3} is a Minkowski 
reduced basis, and therefore the minimal vectors in Ki{a,b) are ±xi,±X2, and 
±(a;i + X2). Let a be an isometry of Ki{a, b). Since a must permute the minimal 
vectors, a induces an isometry on the sublattice Z.xi + Zx2, and hence we may 
assume that a{xi) = Xi for i — 1,2. Since z := 2xi + X2+ 3x3 spans the orthogonal 
complement of Zxi + Zx2, therefore cf{z) ~ ±z. A direct computation shows that 
(t(z) = — z is impossible, thus (7{z) — z and so cr = / G G. 

Now, let us assume that b < 2a. The Gram matrix of Ki{a,b) with respect to 
the new basis j/i = Xi + X3, j/2 — xi + X2 + X3, 7/3 — X3 is 

b b — a b — a\ 
b — a b b — a 
\b — a b — a b 

Suppose that u :— ayi + j3y2 + 7J/3 is a primitive vector of Ki{a, b) with Q{u) ~ b, 
that is 

b = b{a^ + /32 + 7^) + 2{b - a)(a/3 + h + 7")- 
If 0:2+^2^^2 ^ |a/3 + /37 + 7a|, then a = /3 = 7 G {0,1,-1}. As a resuh, 46 = 3a 
and so (a, b) = (4, 3) which is a contradiction. Thus, we may assume that 

a^ + /32 + 7^ > |a/3 + /37 + 7a| + 1. 

Then 

b = b + b{a^ + (3^ + j^ - 1) + 2{b - a){aP + (3-/ + -/a) 

jb+{2a-b){a^+P^+j^-l) iib>a; 

\b + {3b - 2a){a^ + P^ + "/^ - 1) ii b < a. 

This shows that if (a, b) is not one of the three exceptional pairs, then ±yi, ±2/2, ij/3 
are all the vectors u e i^i(a, b) such that Q('u) = b. It is direct to check that both 
G and 0{Ki{a,b)) act on these six vectors, and G permutes them transitively. 
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Therefore, for any a e 0{Ki{a,b)), there exists t £ G such that ctt = /. Thus 
(7 G G as desired. D 

Excluding the three special cases Ki{l,l),Ki{l,2) and Ki{4:,3), 0{Ki{a,b)) 
and 0{K2{a, b)) are generated by — / and symmetries, and we have 

S{Ki{a,b)) = {t^^,t^^,t^^+^^}, 

and 

S{K2{a,b)) = {Txi,Tx2,Txi+X2} U {Txi+2x2,T2xi+X2,Txi-X2} U {Tx^}- 

Note that Tx^ is the only symmetry in the center oi 0{K2{a, b)). Also, 0{Ki{a, b)) = 
1^1 © D-i and 0{K2{a, b)) = Z2 © Z2 ® D3. As a result, both groups do not have 
any element of order 4. 

The following is an immediate consequence of the proof of Lemma 14.11 

Corollary 4.2. Let K be a primitive ternary lattice whose isometry group has 
order 48. Then K = I, A, or J. 

Now suppose that the order of the isometry a is 4. Then by [121 Proposition 4], 
there is a basis {zi, Z2, Z3} of K with respect to which a is represented by one of 
the following four matrices: 

'10 \ /-I \ /I 1 \ /-I -l^ 
0-1,0 0-1,00-1,0 1 
vOl 0/ \0 1 0/ Voi 0/ VO -1 

For the first two matrices, it is easy to see that there is a basis {xi,X2,X3} of K 
such that 

a{xi) = -X2, cr{x2) = a^i, aix^) = ±^3, 
which means that K is isometric to 

K3{a,b) := {a,a,b). 

For the third matrix, let a;i = zi — 2z2, X2 = —zi + 2z3, and 0:3 = Z2 ^ 23. Then 

a{xi) = -X2, o-(a;2) = Xi, a{x3) ^ X2 + X3, 

implying that K is isometric to 

/2a -a^ 
ii:4(a,6) := 2a -a 
\— a —a 6 

For the fourth, we take xi — zi, X2 — — ^3, and X3 = zi — Z2 so that 

(T(a;i) = a;2, a{x2) = 2:3, CT(a;3) = ~xi ~ X2~ 2:3; 

thus /"iT is isometric to 

a b -a- 2b\ /2a + 26 ~a ~ b\ 

b a b = 2a + 2fe -a - b\ = K^ia + b,a). 

-a — 2b b o, J \— a — 6 —a — b a / 

Note that A'3(l, 1) ^ I, A:4(1, 2) ^ A, and A:4(2, 3) = J. It is not hard to see that 
these are the only cases for which \0{K3{a,b))\ and \0{K4{a,b))\ are equal to 48. 
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Lemma 4.3. The isometry groups of K'i[a,b) and Ki(a,b) have order 16, except 
forK3il,l),K4il,2), andKi{2,i). 

Proof. Suppose that K is either K^la^b) or K4^{a,h), but not one of the three 
exceptional lattices. Then 0{K) contains at least five symmetries (see below); thus 
\0{K)\ > 8. Then, by [I2], \0{K)\ = 12,16 or 24. Suppose that \0{K)\ is cither 
12 or 24. This means that K must be also of the form Ki{c, d), for i = 1 or 2. But 
then, as indicated earlier, 0{K) would not have any element of order 4, which is a 
contradiction. Therefore, |0(/\)| = 16 as claimed. D 

Excluding the special cases 0{K3{1,1)), 0{K4{1,2)), and 0(^^4(2,3)), both 
0{K3{a,b)) and 0{K4{a,b)) are also generated by — / and the symmetries, and 

S{K3{a,b)) = {txi,Tx2} U {t^i+x2,Txi-x2} U {tx^}, 
and 

S{K4{a,b)) = {Tx^^Tx^} U {Tx^+X2,Tx^-X2} U {Tx^+X2+2X3}- 

In either case, the center of the orthogonal group contains one and only one symme- 
try, namely Tx^ for K3{a, b) and Tx^+x2+2x3 for i^4(a, b). Moreover, both 0{K3{a, b)) 
and 0{K4^{a, b)) are isomorphic to Z2 © D4. 

Definition 4.4. An orthogonal system of a ternary lattice K is a. set of three 
mutually commuting symmetries in 0{K). 

If {(Ti, cr2,(73} is an orthogonal system and ai = Tz^ for all i, then 21,2:2,^3 are 
mutually orthogonal vectors. 

Proposition 4.5. Suppose that \0{K)\ is divisible by 8. Every symmetry of K 
belongs to an orthogonal system of K . 

Proof. This is done by checking the set of symmetries S{K) for all possible cases. 

D 

We can say more about orthogonal systems when |0(i<')| = 16 or 24. In these 
two cases, there is a unique symmetry r that is in the center of 0{K). If a is 
another symmetry of K which is not t, then a belongs to one and only one orthog- 
onal system, and this orthogonal system contains another symmetry a' , uniquely 
determined by a of course, and r. All of these can be proved by examining the 
set of symmetries S{K) and writing down all the orthogonal systems of K. For 
K2{a,b), the orthogonal systems are 

\Txi,Tx-i^+2x2TTx3f, \Tx2,T2xi+X2TTx3f, \Txi+X2t Txi—x2t Tx^ f . 

For K3{a, b) and K4{a, b), their orthogonal systems are 

i'^Ei J 'Tx2 J '^2:3/1 \''"a;i+a;2 J '''2:1—2:2 ) '^x^J 

and 

\Txi J Tx2 J Txi+X2+2x3i: \Txi+X2 j '''2:1—2:2 ; '''xi+2:2-|-22;3 / 

respectively. 
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5. Formulae for \rp{N)a\ 

In this section, we always assume that L is a primitive ternary lattice and N = 
Ap{L). We will obtain information regarding the cardinality of the set of fixed points 
rp{N)cr for each nontrivial isometry a of N. In the case when cr is a symmetry we 
will obtain explicit formulae to compute jF^ (A^)cr|. 

5.1. Fixed points of isometries. Let K he a ternary lattice with |0(i4r)| — 12 

or 24; so K is Ki{a,b) or K2{a,b) according to Section 2] Let a be an isometry 
of K of order 3. By Section HI K has a basis {xi,X2,X3} such that cr{xi) — X2, 
o'(2;2) — ~xi — X2, and ^(xs) = xi + x^ or 0:3. The characteristic polynomial of 
a is always x^ — 1, which implies that the fixed points of a in K, denoted by K^, 
is a rank 1 sublattice. Indeed, a straightforward calculation shows that Ka- = Zui, 
where 

[2xi+a;2+3.T3 ii K = Ki{a,b), 
(5.1) w — < 

[X3 iiK = K2{a,b), 

and Q{w) = 3(36 — 2a) or b accordingly. 

The primitive sublattice Zxi +Zx2 — [ ^1^ ~^^) oi K is orthogonal to Kcr , and so it 
is in fact the orthogonal complement of K^ in K. Thus, [K : "Lw _L (Zxi +ZX2)] = 3 
if \0{K)\ = 12, whereas isT = Zw _L (Za;i + Zxa) if \0{K)\ = 24. 

Proposition 5.1. Suppose that |0(A^)| is divisible by 3, and that p ^ 3 if\0{N)\ — 
24. 

(a) // |0(A^)| < 48, then there is at most one lattice M e Tp{N) such that 
\0{M)\ is divisible by 3. Moreover, 0{M) = 0{N) in this case. 

(b) // |0(A^)| — 48, then there is at most one class of lattices M in r!^{N) such 
that \0{M)\ is divisible by 3. //, in addition, N — pi, then every one of 
these lattices is isometric to Ki{l, ^ t ) or Ki{p^, ^^ ), when dM is p^ 
or p^ accordingly. 

Proof. We first handle the case when |0(A^)| is either 12 or 24. Suppose that 
M e F^(A^) has an isometry a of order 3. If |0(iV)| = 12, then of course 0{M) = 
0{N). Let us assume that |0(A^)| = 24 but \0{M)\ = 12. Since p ^ 3 under this 
assumption, we have N3 = M3 and hence N^ is not an orthogonal summand of iV, 
a contradiction. Thus 0{M) — 0{N) whenever 3 divides \0{M)\. 

Let M and M' be lattices in T^{N) such that 0{M) = 0{M') = 0{N). Let a be 
an isometry of order 3 in 0{N). Suppose that \0{N)\ = 24. Then M = K2{a, b) and 
M' = K2{c, d) for some integers a, 6, c, d. Note that, since p ^ 3 when |0(iV)| = 24, 
p I a if and only if p | c by considering the local structures of Mp and M'p. Therefore, 
if p divides a, then 

(p'd) - Ap(Af'). =N,= kp{M)„ = {p%). 

Thus, b = d and, since dM — dM', we have a = c as well. This shows that M is 
isometric to M'. But every isometry from M to M' must lie in 0{N); therefore 
M = M' . The argument for the case p\ a\s similar, except that we have Kp{M)a = 
(6) in that case. 
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If |0(A^)| = 12, then M = Ki{e, /) and M' = Ki{g, h) for some integers e, /, g, h. 
Since dM = dM', therefore e^(3/ — 2e) — g^{3h — 2(7). When p ^ 3, we may argue 
as before to show that M = M' . When p = 3, 3 | e (and hence 3 | g as well) 
since OTd-i{dM) > 2. Then we may use (|5.ip to conclude that M(j is in Ap(M). 
Therefore, 

(3(3e - 2/)) = Ap{M), - iV. - Ap(A/')^ = (3(3/i - 25)), 

which implies e — g and f — h. As is argued before, we have M = M' as conse- 
quence. 

We now assume that |0(A^)| = 48. By the bijections in (|4.1[) . it suffices to deal 
with the case when N — pi. So, suppose that Ap(M) — pi and that M has an 
isometry of order 3. Thus M itself cannot be similar to I or A. Therefore, Af 
is either Ki{a,h) or K2{c,d) for some suitable integers a,b,c,d. Note that Mp is 
in Case (1) or Case (6) described in Table I. Suppose that M = K2{c,d). Since 
dM — 3c^d in this case and gcd(c, d) = 1, we have p = 3 and M is if2(l,27) or 
K2{l,i)- Both possibilities lead to a contradiction since neither (2,27) nor (2,3) 
is represented by M3. If M = Ki{a,b), then a similar analysis on discriminant 
and local representations-over Zp this time-shows that M is either Ki{l, ^ ^ ) or 
-^1 (p^ I ^3"*" ) , depending on whether dL is p^ or p'^. D 

Let G be a ternary lattice with an isometry a of order 4. By replacing a by 
— cr if necessary, we can always assume that the characteristic polynomial of a is 
{x^ + l){x — 1) and Ga is a rank 1 sublattice. Suppose that |0(A^)| = 16. Then 
G — K3{a, h) or Ki{a, h) for some integers a, 6, and G has a basis {xi, 0:2, xs} such 
that (j{xi) — ~X2, cf{x2) — xi, and a{x3) = X3, or X2 + x^. So, 

^ ^|Za;3-(6) ifG-X3(a,fo), 

\z(xi+a;2 + 2a:3) = (4(6-a)) ii G ^ K4{a,b). 

In any case, Za;i +1^X2 — (2a, 2a) is the orthogonal complement of G^. As a result, 
G = G^ ± (Zxi + Za;2) if G == X3(a,6), whereas [G : G„ ± (Zxi + Z2;2)] = 2 if 
G = Ki{a,b). 

Proposition 5.2. Suppose that N has an isometry of order 4. 

(a) // |0(A^)| < 48, then there is at most one lattice M G rp{N) such that 
M has an isometry of order 4. Furthermore, if \0{N)\ = 16, then M — 
K^i^a, b) for some a,b E Z, if and only if N = ^3(0, d) for some c,d £ 1,. 

(b) // |0(A^)| = 48, then there is at most one class of lattices M £ r^(N) such 
that each of these M has an isometry of order 4. If in addition, N — pi, 
then all these lattices M are isometric to i^3(l,p^) if dM — p^ , or K^{p^ ., 1) 
ifdM^p'^. 

Proof. Suppose that |0(A^)| = 16, and that M is a lattice in Tp{N) with an 
isometry a of order 4 such that M^ ^ 0. If M = K^{a,b), then of course 
N = K3{c,d) for some c,d G Z. If M = K4,{a,b), then M2 = Ap(A'f)2 = N2 
and {Na)2 = {^2)0 — {M2)a = {Mcr)2- So, Na is not an orthogonal summand of 
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N, which means that N is K4{c, d) for some c,d E "E. The rest of the proof is the 
same as the one for Proposition 15. H and we leave it for the readers. 

Now, suppose that \0{N)\ = 48. As in Proposition l5.1[ we may assume that N = 
pi. Suppose that M £ F^ (TV) is a lattice which has an isometry a of order 4. As a 
result, M is either i^3(a, &) or K4{a,b). We can rule out ^4(0, 6) by discriminant 
consideration. So, M must be either A'3(l,p^) = (1,1, p^} when dM — p^ or 
K3{p'^,l) = (p^,p^, 1) when dM =p'^. D 



The following corollary is a direct consequence of Froposition lSTJ and Proposition 



Corollary 5.3. Suppose that p ^ 3 when \0{N)\ = 24. // |0(A^)| < 48, then 
\^p{N)a\ < 1 for any a € 0{N) of order at least 3. 

Remark 5.4. When \0{N)\ = 48, Propositions Ol and K2\ show that 




(5.2) h,2{N) = (1 - 63p) 

where Sij is the Kronecker's delta, do is the discriminant of a unimodular Jordan 
component of Lp, and ( - ) is the Legendre symbol. 

5.2. Special symmetries. 

Lemma 5.5. Let M be an R-lattice, where R is either Z or'Lp. Suppose that t^ is 
a symmetry in 0{M) with w a primitive vector in M. If Q(w) is odd or R = Zp, 
then Rw is an orthogonal summand of M . 

Proof. Since vu is primitive in M, there exist vectors X2,-- -jXn in M such that 
M = Rw + Rx2 + • • • + Rxn- Since t^ e 0{M), r^(a;i) £ M for each i = 2, . . . ,n, 
and it follows that there exists a.; e R such that B{w,aiW + Xi) — 0. Then 
M ^ Rw 1. M', where M' = R{aiw + ^2) H h R{aitv + a;„). D 

Let M be a ternary lattice. Every symmetry a in 0{M) is of the form Tx, where 
a; is a primitive vector of M. We define Qm{<7) to be Q{x). Note that Qm{o') is 
well-defined. The next technical definition, which depends on the prime p we fix at 
the outset, is tailored for later discussion. 

Definition 5.6. Let cr be a symmetry of a ternary lattice M. We call a special to 
M if 

1^0 mod p if the unimodular component of Mp has rank 1; 
Qm{(^) < 

1 = mod p otherwise. 

Note that in the definition if cr = r^; is special to M with x primitive in Af , then 
ZpX must be either the leading or the last component of a Jordan decomposition 

of Mr,. 



Proposition 5.7. Suppose that Ap{L) — N and a is a symmetry of N . Then there 

- p ' 



exists at most one lattice in F^ (A^)o- to which a is special. 
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Proof. Suppose that a is special to a lattice M € Tp{N). Choose a primitive vector 
w of M for which a = Tw, and let G be the orthogonal complement of w in M. 
Then Mp = ZpW _L Gp and 

Np = Ap{Mp)^hP'^^^' ifQH^O modp, 
I ZpW ± pGp otherwise. 

Let M' be another lattice in F^ (A^) to which <t is special. Then M' = Zpw' _L G' 
where cr = r^/ with w' primitive in M' . Since Mp = M' it follows from the 
definition of special symmetry that "Lpw' = 'LpW. Moreover, Np is also equal to 
Ap{M^), which implies that G'p = Gp, whence M' = M. D 

Proposition 5.8. Suppose that Ap{L) = N and \0{N)\ is divisible by 8. Let M be 
a lattice in Tp{N). Then \0{M)\ is divisible by 8 if and only if there is a symmetry 
in 0{M) which is special to M . 

Proof. Suppose that 0{M) has a symmetry a which is special to M . Let w be a 
primitive vector in M such that a — t^^, and let G be the orthogonal complement 
of w in M . Then Mp — "LpW 1. Gp, and 

AT _ A (T \ - J'^PP'^ ^ ^P if <3(^) ^ ™0d p, 

I\p — Ap[Lp) — < 

I ZpW 1. pGp otherwise. 

Since |0(A^)| is divisible by 8, Proposition 14.51 shows that there exist symmetries 
Tu,T^ e 0{N) where w,u,v are mutually orthogonal. Then t„ and Ty must be 
isometrics of Gp, which means that both of them are isometries of Mp. Since 
Nq = Lq for any prime q not equal to p, therefore both t^ and Ty are isometries of 
M. The subgroup of 0{M) generated by aw,(^u,<^v is of order 8. 

Conversely, suppose that \0{M)\ is divisible by 8. It follows from Lemma [4.51 
that there are three mutually orthogonal primitive vectors x,y,z in M such that 
Tx, Ty, and Tz are in 0{M). Since Mp = 'LpX _L Ipy -L ZpZ by Lemma 15.51 exactly 
one of Tx,Ty, and r^ is special to M. D 

Proposition 5.9. Let M £ Tp{N) and suppose that \0{M)\ = 12. Then there is 
no symmetry in 0{M) that is special to M . 

Proof. From Sectional M = Ki{a, b) with relatively prime positive integers a and 
b. The discriminant of M is a^{3b — 2a), and Qm{o') = 2a for each symmetry 
a G S{M). If p 7^ 3, then Lp = (2a, 6a, 3(36 — 2a)) and so none of the symmetries 
is special to M. 

Suppose that p = 3. Since A^{M) — N, 3 divides the discriminant of M. Hence 
3 divides a, and so 3 does not divide b. This implies L3 = {b, 2a, 2ab{3b — 2a)}, and 
thus none of the symmetries is special to M. D 

5.3. Fixed points of a symmetry. Let Lp = [e\,p'^e2,p^e-^ as in Table I. Recall 
that 

_/l if-e.e, G(Zp^)2, 

— 1 otherwise. 
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In addition, we define 



Vij = 






2 ' "^ 2 

In Table II below, the cases (1) to (8) are divided as in Table I, Qn{<^) is defined 
in Definition 15.61 a-iid A is a nonsquare unit in Zp. For a pair of p-adic integers a 
and b, we write a ^^ 6 if ab~^ G (Z^ )^. A boldface 1 indicates that there is one 
lattice in F^ (i)cr to which a is special, under the specified conditions on Qn{o'). 

Proposition 5.10. Let a he a symmetry in 0{N). Then the values of \T^{N)a\ 
are given in Table II. 



(1) 


condition 


Qn{(t) ~p^e3 


Qn{<j) -p'^Aes 




ir^Wal 


p-e.^^ 


P + ei2 
2 


(2) 


condition 


or(ip{QN{a)) > 3 


ordp{QN{(r)) = 2 




K{NU 


1 


P 


(3) 


condition 


QN{cr) ^p^ei 


ordp{QNia-)) = 1 




K{NU 


1 


1 


(4) 


condition 


Qn{(t) -p^Aei 


QNicr) ^p^ei 


ordp{QN{(T)) ^ 1 


ir^W.I 


ii-, 


Vu + 1 


p-ei3 
2 


(5) 


condition 


ordp{QN{a)) > 3 


ordj,iQN{(T)) = 2 


ordp{QN{cr)) = 1 


K{NU 


1 


1 


P 


(6) 


condition 


QN{cr) ^p^ei 


QNicr) ^p^Aei 




ir^W.I 


^~r+l 


P + e23 
2 


(7) 


condition 


ordp{QN{a)) > 3 


QAr(cr) -p^ei 


QAr(cr) ~p2^ei 


ir^W.I 


p-ei2 
2 


P?7l2 + 1 


PV'l2 


(8) 


condition 


ordp{QN{a)) > 3 


ordp{QN{(j)) - 2 




^{NU 


P 


1 



Table II 



Proof. We will provide the detail only for Case (4) since the arguments used in 
this case can be applied to prove the other cases. So, Lp = {ei,pe2,p^e3), and 
Np = {p^ei,pe2,p^e3). Let ct = r^ be a symmetry in 0{N) with w a primitive 
vector in N. Thus, Qn{o') = Q{w), which has only the three possibilities listed in 
Table II. By Lemma TS.Si Np — ZpW _L Gp where G is the orthogonal complement 
of w in N. In below, for any a e Zp we write a to denote the canonical image of a 
in Zp/pZp = ¥p. 
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Suppose that Qn{o') ^ P^2- Then ZpW ^ (pe2) and Gp ^ {p^ci^p^e^). The 
number of M G T^{N)cr is then equal to half of the number of representations of 
?! by the quadratic space (eT, 63) over Fp, which is ^"^^ by [3 Lemmal.3.2]. 

Now, suppose that Qn{<^) ~ P^ei- It is clear that there is exactly one lat- 
tice in Fp (L)ct to which a is special, namely the one whose p-adic completion is 
Zp{p^^w) 1. Gp. If a is not special to an M e F^ (A^)^., then T^pW = (p^ei) would 
be a Jordan component of Lp and hence ei '^ £3. If that is the case, then the 
number of lattices in Tp{N)„ to which a is not special is equal to the number of 
over-lattices of (pe2,P^e3) that are isometric to (pe2, ea). This number is 1 because 
{p^2, £3} is a Zp-maximal lattice on an anisotropic quadratic space over Qp. 

Finally, let us assume that Qn{(t) ~ P^Aei. It is easy to see that if Aei 7<i £3, 
then |F^(7V)<^| = 0. Suppose that Aei -- £3. Then \T^{N)a\ is equal to the number 
of over-lattices of (p^£i,p£2} that are isometric to (£i,p£2), which is 1 as is explained 
in the last paragraph. D 

5.4. Another equation. Suppose that N — Ap{L). We define s — s{N,L) to 
be the number of symmetry a G 0{N) with a lattice M e F^ (A^)o- to which a is 
special. The next corollary gives us another equation involving the ft,2d(-^)'s. 

Proposition 5.11. Suppose that N — Ap{L), and that p ^ 3 when |0(iV)| = 24. 
If \0{N)\ is divisible by 8, then 



(5.3) s = < 

3hie{N) + 6hs{N) if \0{N)\ 

Furthermore, suppose that a is a symmetry in 0{N), 48 > |0(iV)| > 8, and M £ 
Fp (A^)o. to which a is special. Then 0{M) = 0{N) if and only if a is contained in 
the center of 0{N). 

Proof. Let cr be a symmetry in 0{N), and suppose that M G F^ (L)(j to which a 
is special. Then \0{M)\ is divisible by 8 by Proposition 15.81 So, it follows from 
Section m that either \0{M)\ = 8 01 M — Ki{a, b) for some i G {2, 3, 4} and positive 
integers a, b. Note that \0{M)\ cannot be 48. If \0{M)\ = 8, then 0{M) has exactly 
three symmetries Tw,Tu,Ty, and w,u,v are mutually orthogonal. So, exactly one 
of these three symmetries is special to M. Suppose that M ~ Ki{a, b). Following 
the notations used in Sectional one can check that t^^ for K2{a, b) or K^^^a, b) and 
Txi+x2+2x3 for K4{a,b) is the only symmetry that is special to M (note that this 
requires p ^ 3 for K2{a, b)). This symmetry is the only symmetry in the center of 
0{M). This proves (15. 3p and the "only if part of the second assertion. 

For the "if part of the second assertion, note that the proof of Proposition 15.81 
actually shows that any symmetry in 0{N) which commutes with a is in 0{M). 
So, if a is in the center of 0{N), then 0{M) contains all the symmetries in 0{N), 
and therefore 0{M) is equal to 0{N). D 



hs{N) 


if\0{N)\ 


= 8, 


hieiN) + 2hs{N) 


if\0{N)\ 


= 16, 


h2A{N) + ih^{N) 


if\0{N)\ 


= 24, 
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Remark 5.12. Embedding in the statement (and the proof) of Proposition 15. Ill is 
the fact that if M has a special symmetry, then that symmetry is the only special 
symmetry of M . 

The value of s depends on the Jordan decomposition of Lp and Qn{<^) for all 
symmetries a of N. Suppose that Lp = {€i,p"e2,p^€3) as in Table I, and e^ G Z^ 
for i = 1,2,3. Define an integer t and e G Z^ by 

(5.4) {t,e)^l^^^''^ when a = 0, 

1^(2,61) otherwise, 

and let 

e{N,L) = {ae S{N) : ordp(gA,(f7)) = t and p-*Qjv(ff)e e i^p)^}- 

Proposition 5.13. Suppose that N — Ap{L) and |0(A^)| is divisible by 8. Then s 
is the cardinality of the set &{N, L). 

Proof. When a = 0, Np ^ (p^ei,p^e2,P^e3). Let r^, be a symmetry of 0{N) with 
w primitive in N. By Lemma 14.51 0{N) contains two other symmetries Tu, Ty such 
that Np = ZpW 1. IjpU _L ZpW. Thus r^ is special to a lattice M G F^ (A^) if and 
only if ordp(Q(u')) — (3 and p^^Q{w) and £3 are in the same square class. This 
proves the proposition when a = 0. The remaining cases can be proved by similar 
consideration. D 



6. Class numbers 

Definition 6.1. Let i^ be a ternary lattice, and ai,. . . ,at be all the symmetries 
of K arranged so that QK{<^i) < Qi<'(o'i+i) for i = 1, . . . , i — 1. The label of K is 
defined as 

label(if) := [ \0{K)\-Qk{(Ji),. . . ,QK{<Tt) ]. 

For example, if K has trivial isometry group, then label(iir) = | 2 ]. For K2{a, b) 
when b > 6a, its label is | 24; 2a, 2a, 2a, 6a, 6a, 6a, & ]. 

Let i be a primitive ternary lattice and N — Ap{L). We define 

w^\r^{N)\andf= Y. \^p(^U 

aeS{N) 

Furthermore, for any positive integer n, we let [w]„ be the remainder of w when 
divided by n. The values of w, /, and s can be effectively determined by Table I, 
Table II, and Proposition 15 . 131 respectivelv. using only the label of N and a Jordan 
decomposition of Lp. In below, the order of an isometry a is denoted by o(ct). 

Theorem 6.2. Suppose that Ap{L) = N and p^ 3 when \0{N)\ = 24. Then for 
each positive divisor d of |0+(A^)|, h2d{N), the number of classes in F^ (TV) with 
isometry group of size 2d, is determined by the label of N as shown in Table IIL 
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\0{N)\ 


h2{N) 


/'^(iV) 


hs{N) 


hi2{N) 


hidN) 


h2i{N) 


2 


w 

















4 


w — f 
2 


/ 














8 


w-f+2s 
4 


,f-3s 
2 


s 











12 


U.-/+2H3 
6 


/-3[«;]3 
3 





Ns 








16 


1L.-/+2S+2H2 
8 


/-3s-2[«,]2 
4 


2 





M2 





24 


■u)-/+2s+4[«)]3 
12 


/-3s-4[«,]3 
6 


S-['m]3 

3 








M3 



Table III 



When \0{N)\ = 48, h24{N) = lusiN) = 0, hi2{N) and hie{N) are determined 



by ^EW, hsiN) = ^-^Y^\ 



hiiN) 

h2{N) 



f - ISh&jN) ~ 12hi2{N) - 15/ti6(iV) 

12 
w- f + UhsjN) + 8hi2{N) + UhiejN) 
24 



Proof. We will provide the proofs for the cases |0(iV)| = 24 and \0{N)\ = 48; the 
other cases are easier and can be proved by the same argument. 

Suppose that |0(A^)| = 24. By Proposition 15. 1[ we know that hi2{N) = and 
h24{N) < 1. Also, if M is a ternary lattice whose isometry group has order 24, 
then 0+ (M) = Z2 ® Z^a contains two elements of order 3 and two elements of order 
6. This implies 

Y, \T^{NU^^h2,{N). 

o{a)=3,e 

Therefore, by (|2.2p . p.l[) . and (|5.3I) . we have a system of three equations 

h2{N) + hi{N) + hs{N) + h2i{N) = ^(w + f + Ah2i{N)) 

12h2{N) + 6hi{N) + 3hs{N) + h2A{N) = w 

3hs{N) + h2i{N) = s. 

The second equation shows that h2A{N) = [w\z, and by the third we obtain hs{N) = 
■2^3^. Substituting these back into the first two equations results in a system of 
two linear equations in h2{N) and h^iN) which has the unique solution as presented 
in Table III. 

Now suppose that \0{N)\ = 48. Again, we may assume that N — pi. The values 
of hi2{N) and hiQ{N) are determined by (|5.2p : both are either or 1. By (|5.3p . we 
have s = GhsiN) + 3hiG{N), and hence hsiN) ^ LzIh^iEl^ Equation ^^ leads 
us to the equation 

h2{N) + :^^ = ^(^ - 6/»8(A^) - 4/ii2(iV) - 3/ii6(iV)). 
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If M g TplN) has an isometry group of order 12, then 0^{M) contains exactly 
two isometries of order 3. So, 

o(cr)=3 

Similarly, if \0{M)\ — 16, then 0+(Af) contains exactly two isometries of order 4, 
which means 

^ \T^{NU^6h,eiN). 

o((t)=4 

Putting everything in (12.21) gives us another equation 

h2{N) + hiiN) ^l-{w + f- 2AhsiN) - mh^^iN) ~ \%K^{N)). 

So, now we have two linear equations in the unknowns h2{N) and h4{N). One can 
check easily that the unique common solution to these two equations is the one in 
Table III. D 

Remark 6.3. Suppose that N — pi. It has three symmetries a with Qn{<^) — P^, 
and six symmetries a with Qn{<^) = '^P^- Therefore, s is 0, 3, 6, or 9. Since 
hie{N) = or 1, we must have 

w.n s- 3/116 W jo when(s,/ii6(A^)) = (0,0)or(3,l), 

hslN) = = < 

6 [i when (s,/ii6(A^)) = (6,0) or (9, 1). 

Example 6.4. Let p > 3 and L be a lattice of discriminant p^ such that Lp = 
(1, l,_p^}. Therefore, Ap{L) = pi which has class number one. Since |0(I)| = 48, it 
follows from ()5.2p that 

hieiN) = 1 and /ii2(iV) = ^. 

The three quantities s, w, and / are easy to obtain, since we know the symmetries 
in 0{pT) well. There are three symmetries a oi pi with Qpi(cr) = p^, and another 
six symmetries t with Qpiir) = 2p^. Therefore, 

,s.3 + 3(l+g~ 

and thus 

From Table I and Table II, the values of w and / are given by 

w = — ^ ^ — 



and 
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respectively. The exact values of h2{N) and h^iN) can be determined by Table III. 
Adding all the h2d{N) together we have the class number of L as 



h{L) 



1 

48 



p^ +p[9 + 



-l^^ ./-n _JA^,r-2 



V J J \ P / \PJ V P 

Example 6.5. Let L be a ternary lattice with the Gram matrix 



8 



32 



2 





-P 





2 


-P 


-P 


-P 


Ip^ 



where p > 3. It is easy to see that Lp ^ (2,2, 6p^) and N — Ap{L) is the lattice 
K4{p^,7p^); in particular, K^^l,!) is the primitive lattice Xp{L). It is known that 
h{N) = 1, and by Section H the label of TV is [ 16; 2p^ 2p2,4p2,4p2,24p2 ]. To 
simplify the discussion, let us further assume that p = 7 mod 24, which means 
that 2 is a square in Zp but 3 and —1 are not. Then s — 1, w — ~ , and 
/ = b{^^) + 2. As a resuh, /ii6(iV) = 1, hs{N) = 0, 

hi{N) = -^ , and h2{N) = 



18 



Adding all these h2d{N) together yields 

h{L) = ^ 

Similar calculations show that 

6p + 9 



4p + 3 



/p2 



h{L) = < 



p' 


16 

+ 4p + 3 


p" 


16 
+ 6p+ll 


p" 


16 

+ 4p + 19 



16 



16 

if p= 1,5,13,17 mod 24, 
if p = 7 mod 24, 
if p= 11,19 mod 24, 
if PEE 23 mod 24. 



7. Labels of Classes 

Suppose that Ap(i) — N. We have seen in Theorem 16.21 that the class number 
of L is determined only by the label of every class in gen(A^) and a Jordan decom- 
position of Lp. In order to apply that theorem successively, we need to show that 
the labels of all the classes in F^ (TV) are also determined by the label of N and the 
structure of Lp. For each class of lattices in F^ (TV), we define its label to be the 
label of any one of its lattices. The label of F^ (TV) is defined to be the multi-set 
which contains all the labels of classes in F^ (TV) . More generally, for a subset X of 
Fp (TV), we define the label of X to the multi-set containing all the labels of classes 
of lattices in X. 
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(1) and (2) 


(3) to (8) 


a : special to M 


Qjv(ct) 


^Qjv(a) 


a : not special to M 


jiQN{a) 


Qn{'j) 



Table IV Value of Qm(ct) 



7.1. Preliminary lemmas. Let a be a symmetry in 0{N), and suppose that 
M G Tp{N). Then QM{a) is determined by Qn{<^) as shown in Table IV below; 
this follows directly from the definition of special symmetry. The cases (1) to (8) 
are divided as in Table I. 

For any positive integer d > 1, let Sj2d be the set of lattices M e F^ (TV) whose 
isometry group have order 2d. For each symmetry a in 0{N), let Sj2d{o') be the 
set SJ2d n Tp{N)a-, that is, the set containing all lattices M e F^ (A^) such that 
a 6 OiM) and \0{M)\ = 2d. Clearly 

(7.1) ^2d= \J ^2d{<j)- 

aeSiN) 

The number of classes in i02d(o') is denoted by /i2d(c). In general, (17. ip may not 
be a disjoint union. 



Lemma 7.1. Let M and M' be two lattices in Fp(A^). If M 
and 0{M') are conjugate inside 0{N). 



M', then 0{M) 



Proof. Suppose that (j) : M — > M' is an isometry. Then </> is necessarily an 
isometry of N , by Lemma 1^?^ In that case, 0{M') — (f)0{AI)(f)~^ . This proves the 
lemma. D 

Lemma 7.2. Let a and a' be two symmetries of N. 

(a) // (j)<j(j)~^ = a' for some (j) G 0{N), then for all d, (j) induces a bijection 
from SJ2d{o') onto ^2d{o'')- Consequently, the classes in i02d(o') coincide 
with the classes in S^2d{'^')- 

(b) // there is an isometry from a lattice M £ ^4(0") to another lattice M' £ 
i04(cr'), then a and a' are conjugate in 0{N). 

Proof. For part (a), it is obvious that M 1 — > (f>{M) is an injective function from 
^2d{o') to Sj2d{o''). It has an inverse, which is induced by (j>^^. For the other 
assertion, note that if Mi,M2 G ^2d{o') and ip : Mi — > M2 is an isometry, then 
ip(j)ip~^ is an isometry from (/)(Mi) to (j){M2). 

For part (b), suppose that (p : M — > M' is an isometry. Then (p is an isometry 
on 0{N), by virtue of Lemma [2.21 It is straightforward to see that (pacj)^^ is a 
symmetry in 0{M'). But since M' G i04(cr'), it has one and only one symmetry, 
namely a'. Thus a' — (f>a(l)~^. D 

Corollary 7.3. Let C be a complete set of representatives of conjugacy classes of 
symmetries ofO{N). Then the label of SJ4 is the (multi-set) union of the labels of 
Sj4{a), for all a £ C . 
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Lemma 7.4. Suppose that \0{N)\ ~ 16. Let r be the symmetry in the center 
of 0{N), and a and a' be two symmetries of N, which are not r and are not 
conjugate in 0{N). Then the label of Sjs is the disjoint union of the labels of ^s{a) 
and S^^{a'), and it is also equal to the label ofSjs^r). 

Proof. Since |0(A^)| = 16, N has exactly two orthogonal systems; see Section S) If 
M is a lattice in S)s, then S{M) is one of the orthogonal systems. Since a and a' 
are not conjugate in 0{N), they belong to different orthogonal systems (see Section 
|4]), and hence the label of ios is the disjoint union of the labels oi S)s{cr) and Sjs{a-'). 
The last assertion is clear since r is in both orthogonal systems, and hence ios 

is just i08(T). □ 

Lemma 7.5. Suppose that \0{N)\ — 24. Then the label of ^s is equal to the label 
of^s{a)foranya^S{N). 

Proof. From Section^ S{N) is decomposed into three conjugacy classes. There are 
three orthogonal systems in 0{N), each of them is of the form {cr, a', r}, where a 
and a' belong to different conjugacy classes in 0{N) and r is the unique symmetry 
in the center of 0{N). Since each symmetry other than r is contained in one and 
only one orthogonal system, all three orthogonal systems of 0{N) are conjugate. 
Therefore, if O is an orthogonal system and S)s{0) denote the set of lattices M G S)s 
such that S{M) — O, then the label of Sjg is equal to the label of S)s{0). 

The symmetry r is in all three orthogonal systems. Therefore, i^g is just ^s{t), 
and hence their labels are the same. Now, let a £ S{N) which is not r, and O be 
the unique orthogonal system containing a. Then Sjs{a) must be equal to iog(C'), 
and so the label of ^s{<^) is just the label of ios- O 

For any a £ S{N) and any M e r^{N)„, let 

Gm{<j) = {cbe 0{N) : <j e O(0(M))}. 

Although Gm{o') is not necessarily a subgroup of 0{N), it contains the normalizer 
of 0{M). Moreover, the size of the coset space Gm{^)/0{M), denoted gM{o'), is 
the number of lattices in cls(M) n F^ (iV)cr. If gnio') is the same for every AI in 
SJ2d{o-), then \SJ2dicr)\ = ffM (o-)/i2d(o-). 

Lemma 7.6. Let a G S{N) and M be a lattice in ^^{a). Then gui'^) is the group 
index [C(cr) : {±/, icr}], where C{a) is the centralizer of a in 0{N). 

Proof. Clearly, 0{M) is {±/, ±cr} which contains a unique symmetry, namely a. 
For any G 0{N), (j)^^a(j) is also a symmetry. Therefore, ip G Gm{<^) if and only if 
(f>~^a(f> = a, that is G C(ct). D 

7.2. Main Theorem. 

Theorem 7.7. Suppose that Ap{L) = N. Then the label o/F£'(iV) can be computed 
effectively by using the label of N and a Jordan decomposition of Lp. 

Proof. The proof is a case-by-case analysis according to the size of 0{N). For each 
case, the proof will show how we can determine the label of Tp{N). For simplicity, 
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we write h2d for h2d{N) and F for TplN) in the folfowing discussion. We recall 
that all the numbers /i2d can be obtained from Theorem 16.21 To determine the 
label of r, it suffices to determine the label of io2rf for each possible d. For ^4, 
it suffices to determine the label of Sj4{a), where a runs through a complete set 
of representatives of conjugacy classes of symmetries in 0{N). Note that these 
conjugacy classes are explicitly described in Section |4l 



\0{N)\ = 4 : For the unique a G S{N), h^l^a) is simply |Fct|, which can be deter- 
mined by Table IL By Proposition 15.71 there is at most one lattice in F^- to which 
(J is special, and whether or not such a lattice exists is determined by Table IF 
Therefore, the label of i34 — i34(cr) can be determined. 



\0{N)\ = 8 : In this case, 0{N) contains exactly three symmetries, and these 
symmetries commute with each other. Thus each symmetry forms its own conjugacy 
class in 0{N). Clearly, hsicr) is just hg for each a G S{N). If a is special to some 
M g Fcr, then M G ^si'^) by Proposition l5.8l Moreover a will be the only symmetry 
special to M. Using Table II we can determine which a is special to M. Therefore, 
the label of Jos is determined. 

If M G i04(cr), then Gm{(j) = 0{N) because 0{M) is normal in 0{N). There- 
fore, 

\T,\^2h4{a) + hsia), 

and hence h4{a) can be determined. Since a is not special to any lattice in SJ4{a), 
the label of ^34(0-) is determined. 



\0{N)\ — 12 : First of all, /112, which is either or 1, is known. Moreover, none 
of the symmetries in 0{N) is special to any M G Sji2. Therefore, the label of Joi2 
can be computed. 

Let cr be a symmetry in 0{N). Then C{(j) is {±/, icr}. Therefore, 

\T^\ = /l4(cr) + hi2, 

and so /14 (cr) is determined. From Table II we can decide if a is special to any 
lattice in Fo-. Therefore, the label of J04(cr) can be determined. 



\0{N)\ — 16 : We denote the unique symmetry in the center of 0{N) by r. Let 
M be a lattice in F. Then, by Proposition 15. 11) |0(M)| = 16 if and only if r is 
special to M. This shows that the label of i^ie is determined. 

For the label of S)s, it suffices to compute the label of .$38 (f) for any symmetry 
cr of A^ which is not in the center. Let {a,a',T} be the orthogonal system that 
contains a. From the description of orthogonal systems and conjugacy classes of 
symmetries in Sectional we see that a and a' are conjugate in 0{N). Therefore, by 
Propositions 15. 71 and 15. 81 hg{a) is either or 1, and it is 1 if and only if a is special 
to a lattice in ioslc). This can be determined by computing |Fcr| using Table II. 
So, the label of Sjs can be determined. Note also that 0{M) is normal in 0{N) 
whenever M € ^s- Therefore, |i38(o')| — 2/18(0"). 

Suppose that M G i34- Then M G ^04(0") for some a G S{N), and a is not 
special to M by Proposition 15.81 Therefore, the label of AI is determined. It 
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remains to compute ft.4(cr) for every u in S{N). Suppose that a is not t. Then 
C(ct) is {±/} X {1,T, CT, err} which has order 8. Therefore, 

(7.2) \T,\ = 2hi{a) + 2hs{a) + h,e, 

which shows that /i4(it) can be determined. One the other hand, for the symmetry 
T, we have the equation 

(7.3) |r,|=4/i4(T) + 2/i8(r) + /ii6 

because C{t) = 0{N). Since r is in 0{M) whenever M e :P)s, therefore hs{T) = hs- 
This shows that /i4(r) is also determined. 



\0{N)\ — 24 : Let r be the unique symmetry in the center of 0{N). Whether or 
not T is special to any lattice can be determined by Table II, and by Proposition 
IS.lll it is indeed special to some lattice M G F if and only if M e J024. Since /i24 is 
or 1, the label oi f)24 is determined. 

Let a £ S{N) which is not r, and let {a, (t',t} be the orthogonal system con- 
taining a. Again, from the description of orthogonal systems in Section |4l we see 
that a and a' belong to different conjugacy classes in 0{N). It follows from Propo- 
sitions [5?7l and [5?H1 that every lattice in S^si'^) niust have either a or a' as its unique 
special symmetry. Therefore, the label of each lattice in Sjs{cr) can be determined 
once we know whether a or a' is special to any lattice. The latter can be checked 
by using Table II. So, the label oi S)s{o'), and hence the label of i^s, can be deter- 
mined. Furthermore, C{(t) is {±/} x {/, cr, r, rcr}, which has order 8. Therefore, 
\SJs{(y)\ = hs{a), 

(7.4) \r,\ = 2hiia) + hsicT) + h2i, 

and from this equation we can determine h^i^a). Since a is not special to any lattice 
in SJ4{a), the label oi ^4{a) is determined. 

For the symmetry t, C{t) is 0{N) because r is in the center of 0{N). Therefore, 
1-^8 (t) I = Shsir) = 3hs and |J04(r)| = 6/14 (t); hence 



(7.5) iTrl ^ 6hi{T) + 3hs{T) + h 



24, 



and hi{T) can be determined. Since t is not special to any lattice in J04, the label 
oi Sja(t) is determined. 



\0{N)\ — 48 : We only present the argument for the case N = pi. Let {a;i, a;2, X3} 
be an orthogonal basis of N. We distinguish the symmetries of N into two types: 

f Type I : t^^, t^^ , t^^ , 

[ Type II : t^^+x, and t^.-x^A < i < j < 3- 
So, (5Ar(cr) = p^ if (T is a Type I symmetry; otherwise Qn{o') — 2p^. 



By Theorem 16. 2[ /i24 = ^48 = 0, and both hi2 and hig are either or 1. The 
lattices in i3i2 and Joie, if they exist, are isometric to 

(k,{1, <±2) (disc = p2) or K,{p^, 2p^) (disc = p^) ^^ ^^^^ 
[K3{l,p^) (disc = p2) o^ ^g(p2^ ^) (disc = p*) for ijie. 
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The labels oiKi{l,I^) and Ki{p^,^i^)a.Te I 12; 2, 2, 2 ] and | 12; 2p^ , 2p^ , 2p^ ] 
respectively, whereas the labels of K:}{l,p'^) and K3{p'^,l) are | 16;l,l,2,2,p^ ] 
and I 16; l,p^,p^, 2p^, 2p^ ] respectively. Thus, the labels oi S)i2 and SJ24 are deter- 
mined. The symmetries of Ki{l, ^ ^ ) and Ki{p^, ^^3^) ^^'^ ^^^ Type II. However, 
for either K3{l,p'^) or K^lp"^,!), it has three Type I symmetries and two Type II 
symmetries. 

From Remark 16.31 we see that /ig is or 1. If /ig = 1, the lattices in S)s are 
isometric to 



1 











2 


1 





1 


p^+1 



(disc = p2) or 1 £^ (disc = p 




r.4\ 



The label of these two lattices are | 8;l,2,2p^ ] and | 8;2,p^,2p^ | respectively. 
As a result, the label of i^g is determined. The orthogonal system of either lattice 
consists of one Type I symmetry and two Type II symmetries. Exactly one of the 
Type II symmetries is special to the lattice. 

Let tr be a Type I symmetry. Then hi2{(7) = 0, and ft,ig(cr) = hiQ. If hie ~ Ij 
then there are three lattices in i5i6(o')j permuted transitively by an order 3 isometry 
of TV, and u is special to exactly one of these three lattices. Suppose that there exists 
M in S^^ia). If </) G 0{N) and (/xr^^^ = a, then clearly (/)(M) e S^f^ia). Conversely, 
if (/)(A'/) G iog((T), then (f)a<f>~^ is the unique Type I symmetry in 0{M) and hence 
(j)a(j)~^ — a. This shows that Gm{<^) is in fact equal to C{a). A straightforward 
computation shows that C(cr) has order 16. Therefore, |.Q8(o')| = 2hs and |i34(iT)| = 
4/14(0-). Consequently, 

|r^| = 4/14(0) + 2/ig + 3/ii6, 

and so h/i{(j) is determined. Since a is not special to any lattice in 554(0"), the label 
of ^34(0') is determined. 

Now, let r be a Type II symmetry. Note that 0{N) acts, by conjugation, 
transitively on the set of Type II symmetries. So, /ii2(t) = /112 and hs{T) — /ig. 
Now, if hiQ ~ 1, T must be a symmetry of at least one of the three lattices in i^ig. 
But, since each lattice in i^ig has exactly two Type II symmetries, \^i6{t)\ must 
be 1, whence |i5i6(T)| = /iie- 

For the rest of the discussion, we may assume that r = Tx-^+x2- A direct calcu- 
lation shows that the centralizer of r has order 8. Suppose that M G ^i2{t). The 
other two symmetries in 0{M) are either {t^^-xstTx^+xs} or {tx2+x3,Txj^-x3}- Let 
ip be the isometry of N which fixes 2:3 and switches Xi and X3. Then (j){M) ^ M 
but T G 0{(j){M)). Therefore, \S^i2{t)\ = 2hi2. 

If M G i?g(T), the orthogonal system of M must be {tx3,Txi+x2i'''xi-x2\ ■ So, 
T G <t>{M) if and only of is in the centralizer of Tx^ which has order 16. This 
shows that 1^08(7') | = 2/i8. Consequently, 

|r^| = 2/i4(t) + 2/ig + 2hi2 + /ii6. 

Therefore, hi{T) is determined. Since r is not special to any lattice in Sj4, the label 
of i^4(T) is determined. D 
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7.3. An example. We illustrate the discussion thus far by computing the labels 
of all the classes in the genus of the lattice K{n) := ^^4(1, 6 • 7^" + 1), ^^ > 0. This 
of course will lead to a class number formula for K{n). 
For n > 0, 



2 





~7"\ 


( ^ 





-1 





2 


-7" . 


i 


2 


-1 


-7" 


-7" 


j2n+ll 


\-l 


-1 


6 • 72" 



K{7l) 

One can easily check that dK{n) = 24 • 7^" and A^ (71 — 1) := K-j{K{n)) is the lattice 
K{n - iy\ So, \7{K{n)) = K{n - 1). The class number of K{Q) = K^{1,1) 
is 1. The label of K{n) is | 16; 2,2,4,4,24 • 7^" ], and the label of N{n - 1) is 
I 16; 2 -72, 2 -72, 4 -72, 4 -72, 24 -72" ]. 

For n > 1, let G2i{n) be the set of lattices in ge\\{K{n)) whose isometry groups 
have order 2i, and g2i{'n) be the number of classes in Q2i{n). From Example 1 6. 5 [ 
we see that 

32(1)^1, 54(1) = 3, 38(1) = 0, 516(1) -1. 

It is clear that ^(1) represents the only class in Qiq{\). Using row (1) of Table II 
and equations (|7.2p and (|7.3p . we can show that hi{(j) = 1 for each a G S{N{Q)). 
Thus the labels of the three classes in ^4(1) are 

|4;2], |4;41, |4;24l. 

Lemma 7.8. For n > 1, 

(a) <7i6(^) = 1; o,nd K{n) represents the only class in Gie{n); 

(b) gsin) = 0. 

Proof. We will provide a proof for part (a); part (b) can be proved in a similar 
manner. 

Part (a) for n = 1 is already explained. For n > 2, let M G Giein). Then 
Ar{M) ^ N{n). But for n > 2, the w for N{n) is 7^ = 49 from Table I. Therefore, 
by Table III, 

giein) ^ hieiNin - Ij) = [A9]2 ^ 1. 
Clearly, K{n) represents the only class in Gwin)- □ 

For £ = 4 or 16, let 

Giin + 1) = {M e Gi{n + 1) : XjiM) e Gi{n)}. 

Lemma 7.9. For n > 1, 

(a) the label of G^in + 1) is the multi-set containing the label of each class in 
t/4(n) repeated 7 times; 

(b) the label of Gl^in + 1) is the multi-set containing 3 copies 0/ | 4; 2 ] and 3 
copies 0/ I 4; 4 ] . 

Proof, (a) First of all, an induction argument shows that the label of each class in 
Gi{n) is one of the following: | 4; 2 1, [ 4;4 ], and | 4; 24 ]. So, if M e GK^ + 1), 
then the label of A'y{M) is of the form | 4; d ], where ordr{d) — 2. From row (2) in 
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Table II, we see that each of these lattices will produce 7 classes in Q4{n+ 1) with 
the same label. 

(b) All the classes in Ql^{n +1) descend via A7 to the class containing N{n). If r 
is the symmetry in the center of 0{N{n)), then JFt-I = 1 from row (2) of Table II, 
and so /i4(r) = by equation (|7.3p . If a is any other symmetry in 0{N{n)), then 
using row (2) of Table II and equation (I7.2|l we can see that /i4(o') = 3. D 

As a corollary, we obtain the following recursive formula for gi{n): 

(74(71 + 1) = 7 • (74 (n) +6, n > 1, 

with the initial condition 54(1) = 3. Therefore, 

g^{n) = 4 • 7""^ - 1, n>l. 

As for g2{n + 1), note that all the lattices in 02(" + 1) descend via A7 to G2{n), 
^4(n), and Giei'^')- Using Table III (after calculating the w, /, and s in each case), 
we can calculate the contribution from each of these sets: 49^2 ("-) from G2{n), 
21g4{n) from Qi{n), and 3 from Qie{n). Therefore, 

g2{n + l)=49g2{n)+2lg4{n)+3, n > I, 

which implies 

g2(n) = 3 • 72("-i) - 2 • 7"-^ - |(72("-i) - 1), n> 1. 

8 

So, finally, the class number of K{n) is 

52(n) + ff4(n) + giein) = 3 • 7^^^-'^ + 2 ■ 7"-^ - |(72("-i) - 1). 

o 

8. Labels of stable lattices 

Let i be a primitive ternary lattice and let q be a prime. If ordq^dL) > 2, then 
one may easily show that OTdp{d{Xeq{L))) < oidq^dL), where e = 2 if q = 2 and L 
is even, and 1 otherwise. Furthermore if L is odd and 0Td2{dL) = 1, then d{X2{L)) 
is odd. Hence L can be transformed, via a sequence of Watson transformations 
at primes or at 4, to a primitive ternary lattice K such that oidq{dK) < 1 for 
all primes q, and that oid2{dK) = 1 if and only if K is even. For details, see [TJ 
Corollary 2.8] and [2, Lemmas 2.1, 2.3, 2.4]|j For the sake of convenience, we call 
such a lattice K stable. It is clear that a stable lattice is maximal but not vice 
versa. Moreover, if M is another stable lattice such that dM — dK, then for any 
prime q, Mq = Kq if and only if their Hasse symbols are the same. 

Henceforth, K is always a stable ternary lattice. In this section, we will show 

that the labels of gen(_?ir) can be effectively determined. Let H = I j and 



^There is a mistake in [1 Lemma 2.3(2)]. When ^^ = 5 mod 8, \4,(L)2 should be M^ ± N^ 
This affects neither the results in [2] nor the conclusion we draw here. 
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A ^(2 l).Then 

{A _L {3dK) if K2 is anisotropic, 

H ± {-dK) otherwise. 

If K is even, then K2 is always isotropic and 

K2 = A± (MK) =m± {-dK). 

For any integer a, let I'ia) be the number of distinct prime divisors of a. If q is 
a prime, we define 

I 1 if q divides a; 
eq[a) := < 

[ otherwise. 

Let *P be the product of odd prime divisors q of dK such that Kg is anisotropic, 
and Q be the product of odd prime divisors q of dK such that Kg is isotropic. 
Note that dK ~ 2'^2('^^)*Pi3. For any positive integer i, let bt{K) be the number of 
classes in gen{K) whose isometry groups are of order t. 
For positive integers a, j3, 7, we define 

*-(«)-nfi-f^))n(i '"° 

and 






$K(a,/3,7)= n 



— /?7\\ / A ^7*^ A A / f —afi 



1 J J \ \ ^ J J \ \ 1 



In below, the Hasse symbol of X at a prime q is denoted by Sq{K). 

Lemma 8.1. Up to isometry, there is at most one lattice in gen{K) whose isometry 
group is of order 24. Furthermore, 

(0 ifK is odd and S2{K) = -1; 

b2i{K) ^ I esidK) ^ ,„, 

Proof. Suppose that M is a stable lattice with |0(M)| = 24. Since dM is squarefree, 
we have 

for some positive integer b. Note that different choices of b yield lattices in different 
genera. If M{b) is odd, then M{b)2 is anisotropic, which happens if and only if 
S2{M{b)) = 1. Therefore, if S2{K) = -1 and iiT is odd, then M{b) is not in geii{K) 
for any positive integer b. 

Now suppose that either K is even or S2{K) — \. It is clear that M(6) ^ gen(iir) 
for any positive integer 6 if 3 f dK or A does not split Kq for all primes q, which is 
the same as ez{dK)(^K{'i) — 0. So, we further assume that e3{dK)'^ k{^) 7^ 0. Let 
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60 be chosen such that dK = 3bo- It is straightforward to check that M (60) is in 
gen{K). D 

Remark 8.2. In the proof of Lemma \8A\ the label of any M{b) in gen{K) is known 
since b = ^. 

Lemma 8.3. Up to isometry, there is at most one lattice in gen(K) whose isometry 
group is of order 12, and its label is | 12; 2, 2, 2 ]. Furthermore, 

{0 if K is odd and S2{K) = — 1; 

l-esidK)^ ,^, 
2->('PQ) ^^(^-^ otherwise. 

Proof. From Section SI a stable lattice whose isometry group is of order 12 must 
be of the form 

(2a —a —a\ 
-a 2a 
—a —a b 

for some positive integers a and b. Its discriminant is a^ (36 — 2a) , which should be 
squarefree. Therefore, a = 1 and the discriminant is 3& — 2 = 1 mod 3. Note that 
Ki{l, 6)2 = A ± (3(36 — 2)). This, in particular, shows that if ivri(l, 6)2 is odd, then 
it is anisotropic and its Hasse invariant is 1 . The label of any one of these lattice 
is [12; 2, 2, 2]. 

Suppose that K is even. It is clear that gen.{K) does not contain any Ki{l,b) 
when (1 - e3{dK))<^KiS) = 0. Now, suppose that esidK) ^ 1 and $^(3) ^ 0. 
Then 3 \ dK and 

1) [I iiq\£l. 

By the Quadratic Reciprocity, (^) — (— 1)'*^'+^. Since K2 is always isotropic, it 
follows that \P\ must be even, and hence dK = 1 mod 3. Thus, there exists 61 
such that M :— Ki{l,bi) has discriminant dK. It is direct to check that M is in 
gen(Js:). 

The proof of the case when K is odd is similar, and we leave it to the readers. D 

Lemma 8.4. Up to isometry, there is at most one lattice in gen{K) whose isometry 
group is of order 16, and its label is | 16; 1, 1,2,2, dK ] . Furthermore, 

Proof Note that any ternary lattice with an isometry group of order 16 is isometric 
to 

/2a -a\ 
Kj,{a,b) = {a^a,b) or Ki{a,b) = 2a —a 

\~a —a 6 

for some suitable integers a, 6. Note that dlK^ia^b)) = a^b and d{K4^{a,b)) = 
Aa^ib - a). Thus, if M is a stable lattice with \0{M)\ = 16, then M = -fi:3(l,6) 
with 6 > 1. We may now proceed as in the proofs of the previous two lemmas. D 
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Let M be a ternary lattice with \0{M)\ ~ 8. Then the symmetries in 0{M) form 
an orthogonal system {tzitTz^jTz^}, with primitive mutually orthogonal vectors 
zi, Z2,z^. Let L be the sublattice spanned by zi, 22, 23- By Lemma |5.5[ Mp = Lp 
for all odd primes p. In addition, it is direct to check that 2w 6 L for every v G M . 
Therefore, M is obtained from L by adjoining one or more vectors of the form 
eizi+e2^z2+e3Z3 ^ g^ = Q Or 1 for cach i. As a result, M is isometric to one of the 
following lattices 

Afi(a,6,c) = (a,6,c), M2(a, 6,c) = (a) ± ("g 2^ 

V 2 2 

or 

^2a a \ /4a 2a 2a 

M3(a,&,c)=l 26 fe L Af4(a,6,c)= 2a a + b a 



a a 2+1+2/ \2a a a + cj 

for some suitable integers a, 6, and c. A simple calculation shows that the discrim- 
inants of M3(a, 5, c) and M4{a,b,c) are divisible by 4. Thus, if M is stable, then 
M = Ml (a, b, c) or M2(a, b, c) for some suitable positive integers a, 6, c. 

For the convenience of discussion, let 1 be the set of triples (a, b, c) of positive 
integers such that abc = dK , and we define 

D\i = {(a, 6, c) e T : a > 6 > c}, 

$H2 = {(a, 6, c) G T : 6 > c, (6, c) ^ (3, 1), a = 2 and 4, and be = 3 and 4}, 

<n3 = {(a,6,c) gT: 6> c, and (6,c) ^ (3,1)}. 

Lemma 8.5. If K is even, then 

(a,fc,c)eiR2 

anii i/ A' is odd, then 

(a,6,c)e9^i (a,6,c)e9a3 

Proof. Suppose that there is a lattice M in gen(A') such that |0(Af)| — 8. We first 
assume that K is even. Then M = M2(a, 6, c) for a unique triple {a,b,c) G fH2- 
Since Afg = (a, 26, 2c) for any prime q dividing *p£3, therefore 

2KVa) ^$^(a^26,2c). 

Conversely, suppose that {a,b,c) G % and $^(0, 6,c) = 2''('^^\ and let M be 
Af2(a, 6, c). Then AT, = (a, 2b, 2c) = Afg for every prime q dividing *p£). By the 
Hilbert Reciprocity, A'2 is also isometric to Af2, hence M G gen(Ar). 

The proof of the case when K is odd is similar, and we leave it to the readers. D 

Remark 8.6. The label of any M G gen(Ar) with |0(Af)| = 8 can be determined. 
For, ii M ^ Afi(a, 6, c) with (a, 6, c) G *Hi, then the label of M is [ 8; c, 6, a ]. On 
the other hand, M = M2{a, 6, c) with (a, b, c) G IH2 or 9^3, then Qm(o') = a, 26, or 
2c for any a G S'(Af), and hence the label of M can also be determined. 
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Let Tx be a symmetry of K^ where x is a primitive vector in K. If Q{x) is odd, 
then "Lx sphts K by Lemma l5.5l If Q{x) = 2m for some integer m, then either Zx 
spHts K or there is a basis x — xi,X2,X3 of K such that 

(2m m 

m Q{x2) B{x2,X3) 
B{X2,X3) Qixs) 

Therefore m divides *P0. 

From now on, S is either 1 or 2. For any integer t and lattice L, r(t, L) denotes 
the number of representations of t by L. 

Lemma 8.7. Let m he a positive odd squarefree integer. There exists t^ G 0{K) 
such that Q{x) = Sm if and only if 5 is represented by Xm{K). Furthermore 

\{tx e 0{K) -.xeK, Q{x) ^6m}\^ ^r{d, \n{K)). 

Proof. Suppose that t^ G 0{K) and Q{x) — Sm. If Zx splits K, then K — (Sm) _L 
K for some binary sublattice K oi K. Since gcd(TO, dK) — 1, A„i{K) = {Sm) 1. rriK 
and hence Xm{K) = (S) -L K"^. On the other hand, if Zx does not split K, then 
clearly S — 2, and there is a basis xi, X2, xs of K satisfying (|8.ip . In this case. 



XmiK) ^ 



which clearly represents 2. 

Conversely, suppose that S is represented by Xm{K). We assume that {S) does 
not split Xm{K)', the other case can be done similarly. Thus, S = 2 and there is a 
basis a;i,a;2,a;3 of Xm{K) such that 



2 


m 





m 


mQ{x2) 


mB{x2,X3 





mB{x2,X3) 


mQ{x3) 




{B{x,,x.j)) 



for some integers a,b,c. If g is a prime dividing m, then OTdq{dK) = 1 and hence 
Xm{K)q = (ei, 962,963), where ei € Z^ for every i, by Lemma [2. II So, whenever q 
is a prime divisor of tti, Tiqmx\ would be an orthogonal summand of A„j(A„i(iir))g. 
Consequently, 

\TLqmx\ _L (Zg(xi — 2x2) + IqX-i) if q I m. 
This implies 

A™(A™(i^)) = Z(TOa;i)+Z^--^a;i+.X2)+Za;3 
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However, since m is squarefree and odd, K = X'^{K) by Lemma l2.ll and the 
latter is Am{Xrn{K))~ . It is easy to see that Tmxi is a symmetry in 0{K) with 
Q{mxi) — 2m (note that the quadratic form on K is the one on \n{K) scaled by 

-)• □ 

Lemma 8.8, The mass of K , Xo(K), is equal to 



2i^(q5Q) 



where ^ — tstJs or ^ if K2 is odd isotropic, odd anisotropic, or even, respectively. 



Proof. Then lemma follows directly from the Minkowski- Siegel mass formula. For 
the computation of local densities, see [5l Theorem 5.6.3]. D 



Let He be the class number of the quadratic field E = Q{y/—5d{Xm{K))), and 
fiE be the number of roots of unity in E. 

Lemma 8.9. Suppose that d is represented by gen(Xm{K)) . Then 



E 



where tm.s is given in Table V. 



r{S, K,) 






IJ-E 



XmiKh 


S 


^m,5 


X.n{K)2 


5 


^7n,6 


(1,1,3) 


1 


3 


(3,3,3) 


1 


1 


(1,1,7) 


1 


2 


dK = 1 (mod 4) 


1 


1 

2 


A ±(2) 


2 


4 


A ± (14) 


2 


1 


A± (6) 


2 


1 


A ± (10) 


2 


2 


odd 


2 


1 
2 









Table V 



Proof. This follows from a direct computation, using the Minkowski- Siegel mass 
formula for representations of integers by ternary quadratic forms and 

— = (27r) '\d\2L[l, — 
IJ-E V V • 

where ds is the discriminant of E. Note that \X){K) = \x){Xm{K)) and h{K) — 
h{Xm{K)) for any integer m dividing ^Q. For the computation of local densities, 
see [111. D 



We define 



bk,s,n^ ^ \{t:x e 0{K) : Q{x) ^ 5m}\. 



[K]egG„(K) 
\0(K)\=k 
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Suppose that 6 is represented by gen(Am(A')). Since 

-704. Sm + n08,5m + 77:012. (5m + -^Oie.Sm + 777024.(5™ = tm.S ■ I ^ ' ^^ ' ■ , 

4 8 12 16 24 ^E 

by Lemma 18.71 we may effectively compute the number of classes of lattices in 
gen{K) with label | 4; Sm J once we know the labels of all the classes of lattices 
whose isometry groups are of order greater than 4. 

At last, in order to determine the number of classes in gen{K) with label | 2 ], 
all we need now is the class number of K which is given by the following lemma. 

Theorem 8.10. The class number h{K) of K is equal to 

2xv{K) + V t^,5 • 2''(™)-'^(V^) - — + 1 {bi2{K) + b2i{K)) + -M^{K). 

^-^ /zb 3 4 

to|!PQ, ,se{i,2} 
S^gen(X^{K)) 

Proof. Note that 

y^ bk,Sm = Sk ■ bk{K), 

m|«pQ, ,5e{l,2} 

where Sk is the number of symmetries of a lattice in gen(iir) whose isometry group 
has order k. The values of Sk is 1, 3, 3, 5 or 7 according to fc = 4, 8, 12, 16 or 24, 
respectively. Hence 



1. 3, 1 

2^4 + ^bs + -6l2 


8 T9 ^ ^ 1 '^ ■ 2, ^ ' ^^ ' 
mifsa, «e{i,2} 
(5^gon(A„(K)) 


He 

fJ'E 


Here bk = bk{K) for each k. Therefore 




h{K) = 


&2 + ^4 + &8 + ^12 + bie + ^24 




= 


2W{K) + -64 + ^&8 + g&12 + g6l6 + Y^624 




= 


2ir(X)+ V 7?„,,-2''('")-^('V^).^^ 

^-^ IJ-E 
(5->gon(A„(K)) 





+ libi2iK) + b2i{K)) + ^b,e{K). 
This completes the proof. D 

Appendix A. p = 3 and |0(iV)| = 24 

In this appendix, we treat the case p — 3 and |0(A^)| — 24. So, A^lL) — N ^ 
K2{a,b), and we let L3 ^ (ei,3"e2, 3^63) for some 61,62,63 G Z3 . Recall that 
ord3{dL) — a + (3 > 2 is always assumed, and that for 1 < i < j < 3 the integer Cij 
is defined to be 1 or —1, depending on whether — 6i6j is a square or not. 

Now, dN — 3a^b, and -/V3 = (2a, 6a, b) which is isometric to A3(L)3. This implies 
that both a and b are divisible by 3, and that Cases (1) and (6) in Table I cannot 
occur. 

For simplicity, we denote each hi{N) by hi. Inside 0+(A^) = Z2 (B D^, there 
are two isometrics of order 3 and two isometrics of order 6. If Af G r3 (A^) and 
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\0{M)\ = 12, then 0+(Af) = D3 does not contain any isometry of order 6. Hence, 
by ([22]) and (l3Tl . 



(A.l) h2 + hi + hs + hi2 + h2i = —(i« + / + 4/ii2 + 4/124) 

(A.2) 12h2 + Ghi + 3hs + 2hi2 + h2i = w. 

There are seven symmetries a in 0{N): three of them with Qn{o') — 2a, three of 
them with Qn{<^) = 6a, and one of them, which is in the center of 0{N), with 
Qn{<^) — b. This, in particular, means that the number / can be determined by 
using Table II. The value of w is determined in Table I. 

Lemma A.l. Suppose that M e T^{N). If \0{M)\ = 24, then M = K2{a, |) or 
K2{^,b). Moreover, 

(a) if M = K2{^,b), then ordj,{a) = 1 and a + 1 = /3,- 

(b) if M = K2{a,^), then ord^ib) = 2 and a = I; 

(c) K2{%,b) and K2{a, ^) are in the same genus if and only if ord^{a) — 1, 
ord'iib) — 2, and f ^ | mod 3, which happens only in Case (4) of Table I. 



Proof. Since |0(M)| — 24, there are relatively prime positive integers c and d such 
that M = K2{c,d). Since dM = 3c^d and ord3(dM) = ord3(dL) > 2, either 3 | c 
or 3 I d. In the first case, 

N ^ A3{M) ^ K2{c,9d). 

So, a — c and b — 9d; hence M = K2{a, |). On the other hand, if 3 | d, then 
AsiM) = i^2(3c, d), which means that a = 3c and d = b. Thus, M = K2if,b) in 
this case. 

Parts (a), (b), and (c) are direct consequences of an examination of the local 
structure of the lattices at the prime 3. D 

Lemma A.2. Suppose that M e r|'(iV). // \0{M)\ = 12, then M = Ki{a, ^), 
ord:i{6a + b) = 2, and a + 1 = /3. 

Proof. From Section El it follows that M — Ki (c, d) for some relatively prime 
integers c and d. Since dM = c^{3d — 2c) and ord3((iAf) > 2, c is divisible by 3 but 
d is not. Consequently, 

/ 2c -c -3c\ 
A3(Af) = -c 2c M^iv:2(c,9d-6c), 
V-3c M ) 

hence a = c and b — 9d — Qc. D 

It follows from Table I (and the fact that p = 3 here) that w < 9. So, we can 
deduce from (jA.2[) that /i2 is always zero. By Lemmas lA.ll and IA.21 hi2 < 1 and 
/i24 < 2; furthermore, ft.24 < 1 unless we are in Case (4). 

Suppose that we are not in Case (3) or in Case (4). Then, from Table I, w is 
divisible by 3. Therefore, 2/112 + /124 = mod 3 by (|A.2|) . and hence (/ii2,/i24) = 
(0, 0) or (1, 1). It is now ready to determine the remaining hi for all the cases in 
Table I. We remind the readers that Case (1) and (6) cannot occur. 
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Case (2) In this case, a = and /3 > 3. Therefore, by Lemmas I A . 1 1 and I A . 2 [ both 
hi2 and ft,24 are 0. Now, since A3(L)3 = iVs ~ (2a, 6a, 6), we must have /3 = 3 and 
ord3(a) = ord3(5) ^ 2. So, by Table II, / = 15. Also, w ^9 from Table I. Thus, 
by (jA.ip and (jA.21) . both /i4 and hg, are equal to 1. 

Case (3) We know from Table I that w = 1. Therefore, by (jA.2p . h^ = hg, = 
hi2 = and /i24 = 1. The only lattice in Fg (iV) is either K2{^,b) or K2{a, |), and 
we choose the one which is in gen(L). 

Case (4) If ei3 = 1, then w = 1 from Table I, which implies that /i24 = 1 and 
hi = hg = hi2 = 0. As in Case (3), the only lattice in r^{N) can be determined. 
On the other hand, if 643 = —1, then w — 2 from Table I. Moreover, f ^ | 
mod 3. Thus, if | and ei are in the same square class in Q3, then /124 = 2 and 
hi = hg = hi2 = by (jA.2|) . Otherwise, hi2 = 1 and hi = hg = ft,24 = 0. 

Case (5) In this case a = 1 and /? > 3. By Table I, w = 3. Since A3(L)3 = iV3, 
therefore ord3(a) = 1 and ord3(6) > 3. So, by Table II, / = 13. Using (|XT|) and 
(|A.2p . we can deduce that /112 = ft.24 = 1 and h^ = hg = 0. The lattice with 
isomctry group of order 24 is ^2(f , b). 

Case (7) In this case, a — 2 and /3 > 3. Because of A3(L)3 = iV3, we can deduce 
that /3 — S, ord3(a) — ord3(&) = 2, and it; = 3 or 6 depending on whether 642 = 1 
or —1. 

If w = 3, then /14 = and 

,, , , , / (0,1,1) iiK2{a,l)egcn{Ly, 
[hg,hi2,h2i) = < 

[(1,0,0) otherwise. 

If It; = 6, then L3 must be isometric to (|, 2b, 6a) and ab is not a square in Q3. 
Thus, / = 6 by Table II, and 

/u u u , ^ [(0,1,1,1) iiK2{a,l)egen{L) 
[hi,hg,hi2,h2i) = < 

[(1,0,0,0) otherwise, 

by ((XT|) and ((I^t . 

In any case, if /i24 == 1, then the only lattice in T!^{N) with isometry group of 
order 24 is K2{a 



b\ 



Case (8) Again, using the fact that A3(L)3 — N3, one can show that a — 3, 
ord3(a) = 2, and ord3(&) > 3. This implies that ft.12 = /i24 = 0, and that / = 15 
form Table II. Since w = 9, we can use (lA.ip and (jA.2p to obtain /14 = /ig = 1. 

We now turn our attention to the labels of the classes in Fg (A^). For those 
lattices in Sji2 or io24, their labels are determined by Lemmas I A . 1 1 and I A . 2 1 There 
are only three cases, namely Cases (2), (7), and (8), in which /14 and hg are not 
zero. We will determine the labels of these classes in these three cases separately. 

Case (2) Since hg — 1, it is clear that £3 = (|, ^, 6a}. Moreover, for any M e j^g, 
the values of Quio'), <J G S{M), are |, ^, and 6a respectively. Using (|7.4p . we 
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find that if cr e S{N) witli Qn{<j) — 2a, tlien hi{<7) — 1. Since hi — 1, tlierefore 
tlie label of J04 is [4;^ 1- 

Case (7) Suppose that w — 3. It sufhces to deal with the case when K2{a, |) ^ 
gen(i). Since hg = 1, L^ must be isometric to (^,6, 6a); hence the label oi Sjg is 
determined as in Case (2). 

Suppose that w = 6. If K2{a, |) G gen(L), then L3 = (|, 2a, 6a) and the label 
of -Qg is determined. However, if K2{a, |) ^ gen(i), then i3(f , 26, 6a) with ab not 
a square in Q3. By (|7.4p . ft-4(CT) = 1 when Qn{o') = 6a. Thus the label of io4 is 
I4;6al. 

Case (8) In this case, a = 3 < /3, ord3(a) = 2, and ord3(6) > 3. This shows that 
I/3 = (^,6a, &). Hence the label of ijs is determined. It follows from (|7.4p that 
hi{a) = 1 if Qn{<7) = 6a. Therefore, the label of i04 is | 4; 6a |. 



[lo; 

[11 
[12: 

[13; 

[14 

[is; 
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